A note on the 3D4(q) generalized hexagons  by Ronan, M.A
JOURNAL OF COMBINATORIAL THEORY, Series A 29,249-250 (1980) 
Note 
A Note on the “D,Jq) Generalized Hexagons 
M. A. RONAN 
University of Illinois at Chicago Circle, Chicago, Illinois 60680 
Communicated by F. Buekenhout 
Received August 31, 1979 
The jD,(q) generalized hexagons are characterized by means of the regulus con- 
dition. 
In [2] a generalized hexagon 2 in which certain sets of points are max- 
imal (called a generalized hexagon with ideal lines) is shown to be Moufang, 
and hence in the finite case is associated with one of the groups G,(q) or 
3D4(q). In this note we show that if a generalized hexagon R has parameters 
(s, s’) or (t” t), and has the regulus con&on (defined below), then 8 is 
associated with 3D,(q); our proof uses the recent work of Haemers [l] an 
hexagons having parameters (s, s3), and a characterization of dual Moufang 
hexagons in [3]. The regulus condition is weaker than having ideal lines, 
because if Z has ideal lines then it necessarily has the regulus condition; 
this in turn implies that &Y* has the regulus condition, although in general 
A?* will not have ideal lines (see [2]). 
DEFINITIONS. Following the notation of f2) we let d( f ) denote distance 
in the flag-graph of 8%“. For points x and y of R, if d(x, y) = 2, xy is the uni- 
que line joining x and y; if d(x, y) = 4, x * y is the unique point collinear 
withbothxandy;ifd(x,y)=&x*y= {hERId(x,h)=d(h,y)=3}isa 
set of lines. One makes similar definitions for lines x and y of 624 Now given 
points or lines x and y such that d(x, y) = 6, we say Z has the regulus 
condition if a * b = a * c for all a, b, c E x * y. 
THEOREM. If A? is a finite generalized hexagon with the regulus condi- 
tion, having parameters (t3, t) (resp. (s, s”)), then A? is the usual (resp. d&al) 
hexagon associated with the group 3D,(q), where q = t (resp. s) is a prime 
power. 
ProoJ: Since R has the regulus condition if and only if its dual R* has 
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it also, it is no loss of generality to assume that A? has parameters (s, s”). 
Now by [3] it suffices to show that if x, y and z are points such that 
d(x, z) = d(y, z) = 6, d(x, y) = 4 and d(x * y, z) = 4, then there is a point 
u # (x * y) * z such that d(u, z) = 2, d(u, x) = d(u, y) = 4. 
Let L be the line through the points z and z * (x * y), and consider points 
p such that d(L, p) = 3, d(x,p) = d(y,p) = 4; by Haemers [ 11, there are s3 
such points p. Let ZJ be one such point, and observe that the lines L, 
M= x(x * u), and N = y(y * v) all lie at distance 3 from the two points u 
and x * y (i.e., are contained in ?I * (x * y)). Now let u be the unique point of 
L * M collinear with z. By the regulus condition, L * N = L * M, SO 
d(u, N) = 3, and it follows that a(u, y) = d(u, x) = 4, d(u, z) = 2, and since 
u # (x * y) * z, the result follows by [3]. 
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